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Abstract 

In this paper wc prove the existence, uniqueness and regularity of the DiPerna-Lions 
flow generated by a vector field which is "almost everywhere Osgood continuous" , following 
Crippa and de Lellis's direct method. As an application, we show the well-posedness of 
transport equations in the space of nonnegativc intcgrable functions. 
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1 Introduction 

,-j- | In the seminal paper [7] , DiPerna and Lions established the existence and uniqueness of the quasi- 

CN ' invariant flow of measurable maps generated by a Sobolev vector field with bounded divergence. 

[~^. ■ Their method is quite indirect in the sense that they first established the well-posedness of 

the corresponding transport equation, from which they deduced the results on ODE. Their 
methodology is now called the DiPerna-Lions theory and can be seen as a generalization of the 
classical method of characteristics. It has subsequently been extended to the case of BV vector 
fields by Ambrosio [1, 2], via the well-posedness of the continuity equation. For the development 

rS | of this theory in the infinite dimensional Wiener space, see [3, 9]. Recently, Crippa and de Lellis 

[6] obtained some a-priori estimates on the flow (called regular Lagrangian flow there) which 
enable them to give a direct construction of the flow (see the extension to the case of stochastic 
differential equations in [20, 10]). 

To introduce the setting of the present work, we recall the key ingredient in Crippa-de 
Lellis's direct method, namely, a Sobolev vector field b € WtJ? (K ) (p > 1) is "almost everywhere 
Lipschitz continuous" (it holds even for BV vector fields, see [6, Lemma A.3]). More precisely, 
there are a negligible subset N C R and a constant Cd depending only on the dimension d, 
such that for all x,y £ N and \x — y\ < R, one has 

\b(x) - b(y)\ < C d \x - y\{M R \Vb\(x) + M R \Vb\(y)), (1.1) 

where Mr/ is the local maximal function of / € Lj oc ( 



M R f(x):= sup -— ) f \f(y)\dy. 
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Here C d is the Lebesgue measure on R d and B(x,r) is the ball centered at x with radius r. If 
x = is the origin, we will simply write B(r) instead of -6(0, r). For a proof of the inequality 
(1.1), see [10, Appendix]; one can also find a more complete discussion in [4] for higher order 
Sobolev spaces. Using the inequality (1.1), Crippa and de Lellis estimated the following type of 
quantity 

b6 fM^M +1 V (1 . 2) 

'B(R) 



JB\ 



in terms of R, d and the L p -norms of V6, V6 on some ball, where Xt and Xt are respectively the 
flows associated to the Sobolev vector fields b and b. We refer the readers to [5] for an extension 
of some of the results. 

On the other hand, the study of stochastic differential equations with non-Lipschitz coeffi- 
cients has attracted intensive attentions in the past decade, see for instance [17, 11, 19, 16]. In 
particular, S. Fang and T. Zhang considered in [11] the general Osgood condition: 

\b(x) -b(y)\ <C\x-y\r(\x -y\ 2 ), \x - y\ < c , (1.3) 

where r : (0, Co] — > [1, oo) is a continuous function defined on a neighborhood of and satisfies 
ds 

sr(s) 

dX+ 



f„ c ° — £r = oo. Under this condition and assuming that the ODE 

JO sr(s) ° 



dt 



b(X t ), X = x 



has no explosion, they proved that the solution Xt is a flow of homeomorphisms on R (see 
[11, Theorem 2.7]). If in addition r(s) = log- and the generalized divergence of b is bounded, 
then it is proved in [8, Theorem 1.8] that the Lebesgue measure C d is also quasi-invariant under 
the flow Xt- In a recent paper [15], the second named author generalized this result to the 
Stratonovich SDE with smooth diffusion coefficients, using Kunita's expression for the Radon- 
Nikodym derivative of the stochastic flow (see [13, Lemma 4.3.1]). 

Inspired by these two types of conditions (1.1) and (1.3), we consider in this work the 
following assumption on the time dependent measurable vector field b : [0,T] x R d — > M. d : 

(H) there are g <G ^([O,! 1 ], LJ oc (R d )) and negligible subsets N t , such that for all t € [0,T] and 
x,y £ Nt, one has 

\bt{x)-bt(y)\<{gt(x)+g t (y))p{\x-y\), (1.4) 

where p € C(R + ,R + ) is strictly increasing, p(0) = and J 0+ -A- = oo. 

The typical examples of the function p are p(s) = s, slog^, s( log ~) ( log log ^), • • • . Notice 
that the two latter functions are only well defined on some small interval (0, Co], but we can 
extend their domain of definition by piecing them together with radials. In this paper we fix 
such a function p. Similarly we may call a function satisfying (1.4) "almost everywhere Osgood 
continuous". It is clear that if we take gt = CrfM/j|V6t| and p(s) = s for all s > 0, then the 
inequality (1.4) is reduced to (1.1). On the other hand, if g is essentially bounded, then (1.4) 
becomes the general Osgood condition (1.3), except on the negligible set Nt (we can redefine 
bt on this null set to get a continuous vector field). Therefore, this paper can be seen as a 
unified treatment of the two different types of conditions. We would like to mention that the 
assumptions like (H) were considered in [18], but the function p was always taken as p(s) = s 
for all s > 0. 

The paper is organized as follows. In Section 2, we construct the flow of measurable maps 
under the condition (H) and the boundedness of the divergence of b, following Crippa and de 



Lellis's direct method. We apply this result to show the well-posedness of the transport equation 
in the space of nonnegative integrable solutions. Then in Section 3, we prove a regularity 
property of the flow, which is weaker than the approximate differentiability discussed in [6] . We 
also prove a compactness result on the flow. To avoid technical complexities, we assume that 
the vector fields are bounded throughout this paper. 

2 Preparations 

We first give the definition of the flow associated to a vector field b (also called regular Lagrangian 
flow in [1, 6]). 

Definition 2.1 (Regular Lagrangian flow) . Letb 6 LJ oc ([0,T]xR d ,R d ). A map X : [0,T]xR d -> 
R is called the regular Lagrangian flow associated to the vector field b if 

(i) for a.e. x G R d , the function t — > X t {x) is absolutely continuous and satisfies 

X t (x) = x+ b s (X s (x))ds, for all t e [0,T\; 
Jo 

(ii) there exists a constant L > independent oft € [0, T] such that (Xt)#C d < LC d . 

Recall that C d is the Lebesgue measure on R d and (Xt)#£ d is the push-forward of C d by the 
flow Xf. L will be called the compressibility constant of the flow X. 

Next we introduce some notations and results that will be used in the subsequent sections. 
Denote by Tt = C([0,T],R d ), i.e. the space of continuous paths in R d . For 7 E Ft, we write 
IMIoo.T for its supremum norm. Let 5 > 0, we define an auxiliary function by (cf. [11, (2.7)]) 

Jo p{s) + 5 
Note that if p(s) = s for all s > 0, then 

* sK) = f^ = log + 1 

which is the functional used in (1.2). Here are some properties of ips- 

Lemma 2.2. (1) lim^o 4>8{Q = +°° f or a ^ £ > 0; 

(2) for any 5 > 0, the function ips * s concave. 

Proof. Property (1) follows from the fact that L , -A- = 00. To prove (2), we notice that 
V^( s ) = (s) + s ■ Since s \-t p(s) is increasing, we see that the derivative ip' & {s) is monotone 
decreasing, hence ips is concave. □ 

The concavity of ip$ will play an important role in the arguments of Sections 3 and 4. Finally 
we give an inequality concerning the local maximal function (see [6, Lemma A.2]). 

Lemma 2.3. Let R, A and a be positive constants. Then there is Cd depending only on the 
dimension d, such that 

C d {x e B{R) : M x f(x) > a} < ^ / \f(y)\ dy. 

a Jb(r+\) 



3 Existence and uniqueness of the regular Lagrangian flow 

In order to prove the existence and uniqueness of the flow generated by a vector field b satisfying 
the assumption (H), we first establish an a-priori estimate. 

Theorem 3.1. Let b and b be time dependent bounded vector fields satisfying (H) with g and 
g respectively. Let X and X be the regular Lagrangian flows associated to b and b, with the 
compressibility constants L and L respectively. Then for any R > and t <T, 

*l>s(\\X.(x) - X.(2;)|| 00) t) dx < (L + L)\\g\\ L in 0jT]xB{n)) + -||6- &||i,i([o,r]xB(fl))> 

B{R) ° 

where ip$ is defined in (2.1), ||-||oo,T is the supremum norm mIY and R = -R+T(||6||£°o v||6||£°°). 

Proof. By Definition 2.1(1), for a.e. x G R , the function t \— > \Xt(x) — Xt(x)\ is Lipschitz 
continuous, hence 

±[M\Mz) - M*)\)] = MM*) ~ X t (x)\)±\X t (x) - X t {x)\ 

\b t (X t (x))-b t (X t (x))\ 



< 



p{\X t (x) - X t (x)\) + 5 
Integrating from to t and noticing that ^(O) = 0, we get 

/, , , ~ ,,. /"* \b s (X s (x)) -b s (X s (x))\ 

il> s (\X t (x) - X t (x)\) < / ' "/ K " _ V V ds - 

U V ' K )X) 'Jo p{\X s (x)-X s (x)\)+5 

As a result, 

„<<«■" U "' ^ "' - h p{\X t (x)-X t {x)\)+6 

Since the function ip$ is continuous, we arrive at 

M \\X.{x)-X. (x )\\oo,T) < / L z~— , .,>. rdt. 

Therefore 

*(IIX(x)-X W | U , T )dx</7 MM^M„. (3.!) 

Denote by I the integral on the right hand side of (3.1). Using the triangular inequality, we 
obtain 

IK fr |y^(x))-M*,(x))| ft | M x,(,)) -h(x,m\ 

~ h Jb(r) p{\X t (x) - X t {x)\) + 5 Jo Jb(R) p{\X t (x) - X t (x)\) + 5 

Since the flows Xt and Xt leave the Lebesgue measure absolutely continuous, we can apply the 
condition (H) for bt and obtain that for a.e. x £ B(R), 

\b t (X t (x)) - b t (X t (x))\ < (g t {X t {x))+g t {X t {x)))p(\X t {x) -X t {x)\). 



Next it is clear that from Definition 2.1 (i), one has \\X. (:e)||oo,t < -R+T||6||£°° and ||X. (a;)||oo,T < 
R + T\\b\\L°° for a.e. x G B(R). Therefore, by the definition of the compressibility constants L 
and L, the first term on the right hand side of (3.2) can be estimated as follows: 




\b t (X t (x)) - b t (X t (x))\ 



dxdt < I I (g t (X t (x)) + g t (X t (x))) dxdt 
Jo Jb(r) 



o Jb(r) p(\X t (x) - X t (x)\) +5 Jo Jb(r) 

<L [ f g t (y)dydt + L [ [ g t (y)dydt 
Jo Jb(r) Jo Jb{r) 

= ( L + L )\\9\\m[0,T]xB(R))- ( 3 - 3 ) 

Moreover, the second integral in (3.2) is dominated by 

-ft \b t (X t (x)) - b t (X t (x))\ dxdt <- [ [ \b t {y) - b t (y)\ dydt 
° Jo Jb(r) ° Jo Jb{r) 

= jW b ~ b\\h^{[0,T]xB(R))- 
Combining this with (3.2) and (3.3), we obtain 

I <(L + £)||g|lLi([o,T]x£(H)) + -r\\b - &||i,i([o,t]xb(r))- 

Substituting / into (3.1), we complete the proof. □ 

Now we can prove the main result of this section. 

Theorem 3.2 (Existence and uniqueness of the regular Lagrangian flow). Assume that b : 
[0, TjxR^ R d is a bounded vector field satisfying (H) with g G L 1 ( [0, T] , L} oc (R d )) . Moreover, 
the distributional divergence div(6) of b exists and [div(6)]~ G L 1 ([0,T],L oo (M )). Then there 
exists a unique regular Lagrangian flow generated by b. 

Proof. Step 1: Uniqueness. Suppose there are two regular Lagrangian flows Xt and X% as- 
sociated to b with compressibility constants L and L respectively. Applying Theorem 3.1, we 
have 

^ 5 (\\X.(x) - X.(x)\\oo,t) dx<(L + L)\\g\\ L i mT]xB(R)) , (3.4) 

B(R) 

where R = R + T\\b\\ L ao. If C d {x G B(R) : X.(x) / X.(x)} > 0, then there is e > such that 
K £Q := {x G B(R) : \\X.(x) — X^x)^^ > £o} has positive measure. Thus by (3.4), 

(L + L)\\g\\ LimT]xBm > f ^s{\\X.(x)-X(x)\\oc,T)dx>M^o)C d (K £o ). 

JKe 

Letting 5 J, 0, we deduce from Lemma 2.2(1) that 

oo > (L + L)\\g\\ L i {[0jT]xB{S)) > oo, 

which is a contradiction. Hence N = {x <E B(R) '■ X.{x) ^ X. (x)} is C -negligible. We conclude 
that the two flows Xt and Xt coincide with each other on the interval [0, T\. 

Step 2: Existence. Let {x n '■ n > 1} be a sequence of standard convolution kernels. For 
t G [0,T], define 6™ = bt * Xn-, i-e. the convolution of b t and Xn- Then for every n > 1, b n is a 
time dependent smooth vector field, and 

||&?||l~ < IN|l~, ||[div(^)]"IU < ||[div(6 t )]-|L, t G [0,T]. 



L 



Let X™ be the smooth flow generated by bf, then it is easy to know that (X^)^C d < L n C d , 
where 

L n = exp(J ||[div(6?)]~|| L «»dt)<ex P fy ||[div(fe t )]"|| Loo dt\ =: L. 

Now we show that 6" satisfies (H) with g™ = gt * Xn for all n > 1. To this end, we fix any 
two points x, y G R . We have by the definition of convolution, 

\bUx)-bUy)\< I \bt(x-z)-b t (y-z)\ X n(z)dz. 



Now we shall make use of the condition (H). Note that (x — N) U (y — N) is a negligible subset. 
When z ^ (x — N t ) U (y — Nt), one has x — z £ N t and y — z £ jV t , hence by (H), 

\b t (x-z) -b t (y-z)\ < (g t (x- z) + g t (y - z))p(\x - y\). 

As a result, 

K{x) - b?(y)\ < J d { 9 t(x -z)+ g t {y - z))p(\x - y\) Xn (z) dz 

= (g^ X )+g^y))p(\ X -y\). (3.5) 

Thus 6" satisfies (H) with the function g™. Notice that (3.5) holds for all x, y € R . 

From the above arguments, we can apply Theorem 3.1 to the sequence of smooth flows 
{X t n : n > 1} and get 

/ ?p 5 (\\X n (x)-X m (x)\\ 00)T )dx 
Jb(r) 

< (L n + ^m)|bn||z,i([o,T]xB(fl)) + "H^™ ~ ^»V-{[Q,T\-x.B{R)) 

< 2 ^llfl'llL 1 ([0,T]xB(fl+l)) + 1-W 1 ~ b m \\L^([0,T]y.B(R))- ( 3 - 6 ) 

Set 

r 1 c - II ifx UYYL 1 1 

= n ,m ■= \\0 - Hli([o,T]xS(R)) 

which tends to as n,m — > oo, since b n converges to b in L 1 ([0, T], Lj oc (M. d )). Then we obtain 



i>5 n , m (\\X n (x) - X m (x)\\ 00 , T ) dx < 2L\\g\\ Ll{[mxB{R+1)) + L =: C < oo. (3.7) 

B(R) 

We will show that {X n : n > 1} is a Cauchy sequence in L 1 (B(R),Tt)- For any 77 > 0, let 

K n , m = {xe B(R) : \\X n (x) - X^x)]]^ < r,} 

= {x G B(R) : ^ n>m (||X"(x) - X m (x)|U, T ) < ^, m (r?)}. 

By Chebyshev's inequality and (3.7), 

£J(B(K) \ *«> s a L **- (pc,w - xm(x)lUT) dxi ^r 

Therefore 

f \\X n (x)-X m (x)\\ 00 , T dx=( f + [ )\\X n (x)-X m (x)\\ 00tT dx 

JB{R) V JX n , m JB{R)\K n>m J 

< r]C d (K n>m ) + 2(R + r||6|| Loo )/: d (fl(ii) \ JT n , m ) 

, d ,„,^ ^ c 



<r)£ d (B(R)) + 2R 



^s n , m (v) 



Note that as n,m — > oo, S nm — > 0, thus by Lemma 2.2(1), ip& nm { r n) — > oo for any 77 > 0. 
Consequently, 

Urn" [ \\X n (x)-X m (x)\\ ooT dx<r ] C d (B(R)). 

n,m->oo J B(R) 



'B(R) 

By the arbitrariness of 77 > 0, we conclude that {X n : n > 1} is a Cauchy sequence in 
L 1 (B(R),Ft) for any R > 0. Therefore, there exists a measurable map X : R — >■ IV which 
is the limit in Lj oc (M. ,Tt) of X n . We can find a subsequence {n^ : A; > 1}, such that for a.e. 
x £ M. d , X™ k (x) converges to Xt(x) uniformly in t € [0, T]. Hence we still have 

\\X.(x)\\ 00l T<R + T\\b\\i J °o=R, for a.e. x € B(R). (3.8) 

Now we prove that Xt is a regular Lagrangian flow generated by b. Firstly, for any (f> € 
C c (K d ,]R + ), we have by the Fatou lemma, 

I <j){X t {x))dx< lim [ <j)(X? k (x))dx<L I 4>{y)dy. 

JR d fc->oo JR d JR d 

This implies 

(X t ) # C d < LC d , for all t € [0, T]; (3.9) 

thus Definition 2.1(h) is satisfied. Secondly, we show that for C -a.e. x S R , £ — > Xt{x) is an 
integral curve of the vector field bt- To this end, we estimate the quantity 

r-t rt 



J n := [ sup f b^(X2(x))ds- I b s (X s (x))ds 
J B(R) 0<t<T Jo Jo 



'B(R) 0<t<T 

By the triangular inequality, J n is dominated by the sum of 



dx. 



J? := f f \b^X?(x)) - b 9 (X?(x))\ dsdx 
Jb<r)Jo 



>B(R)J0 

and 

J 2 n := / / \b s (X?(x)) - b s (X s (x))\ dsdx. 
Jb(r)Jo 

For the first term, we have 

J?= I [ \b?(X?(x)) - b.(X?(x))\ dxds <L I I \b n s {y) - b s (y)\ dyds. 
Jo Jb(r) Jo Jb(r) 

Hence 

lim J x n = 0. (3.10) 



n— >oo 



For any e > 0, we take a vector field b E C^QO,! 1 ] x B(R),R d ) such that 

n\b s {x) — b s (x)\ dxds < e. 
J(R) 

Again by the triangular inequality, 

J 2 n < / / \bs(X?(x)) - b s (X?(x))\ dxds + f [ \b a (X?(x)) - b s (Xs(x))\ dxd^ 
Jo Jb(r) Jo Jb(r) 

+ [ f \b s (X s (x))-b s (X s (x))\dxds 
Jo Jb(r) 



-: J 2 1 + J22 + ^2 



3- 



Since (X™) # £ d < LC d for all s G [0,T], we have 

'0 JB(R) 

By (3.8) and (3.9), the same argument leads to 



J21 < L I I \b s (y)- b s (y)\ dyds < Le. 
Jo Jb(r) 



Jh < Le - 



Moreover, by the choice of 6, there is C\ > such that sup < s <x || V6 s || ioo , s ,p^ < C\. Therefore 

J%2<Ci [ [ \X^(x)-X s (x)\dxds<C 1 T [ \\X n (x)-X.(x)\\ 00 , T dx^G 
Jo Jb(r) Jb(r) 



'B(R) JB(R) 

as n goes to 00. Summing up the above arguments, we get 



lim J 2 n < 2Le. 

n— >oo 



Since e > is arbitrary, we obtain linin^oo J^ = 0. Combining this with (3.10), we finally obtain 
lim n _ s . 0O J n = 0. Therefore, letting n — >• 00 in the equality 



X^(x) = x + I b n s {X™{x)) ds for all t < T, 
Jo 



we see that both sides converge in Lj oc (M. d ,TT) to X.{x) and x + J b s (X s (x)) ds respectively. 
Hence for £ d -a.e. x G M. d , it holds 



X t (x) = x + / b s (X s (x)) ds for all t G [0, T]; 
Jo 



that is, t — > X t (x) is an integral curve of the vector field b t . To sum up, X t is a regular 
Lagrangian flow generated by b. □ 

Remark 3.3. We can relax the condition [div(6)]~ G L 1 ([0,T],L oo (R d )) to be [div(6)]~ G 
L 1 ([0,T],L^ c (]R )), since we have good estimate on the growth of the flow Xt. 

As a byproduct of the above result, we have the well-posedness of the corresponding transport 

equation 

d 

—u t + bfVut + div(bt)ut = 0, u\ t= o = u . (3-11) 

Corollary 3.4 (Well-posedness of the transport equation). Assume the conditions of Theo- 
rem 3.2. Then for any integrable function no > 0, the transport equation (3.11) has a unique 
nonnegative solution in L°°([0,T], L 1 (]R )). 

Proof. The proof of the existence part is quite standard, see for instance the case p = 1 in [7, 
Proposition II. 1] (it is easy to see that the nonnegative property of solutions is preserved in the 
limit process). 

For the uniqueness of solutions, noticing that the equation (3.11) is equivalent to the conti- 
nuity equation 

d 
—u t + D x ■ (b t u t ) = 0, u\ t=0 = u , 



where D x - is the generalized divergence operator. Next since u € L°°([0,T], L 1 (R d ,]R + )), one 
has 

pT r I h ( \\ 

I I -r^—r-rUtix) dxdt < ||6|| L cx> ( r 0T]x]R d)||u|| L <x> ([0T]]iy i (K< i)) < oo. 
JO JM. d - 1 "+~ 1^1 

By [2, Theorem 3.2], u is a superposition solution, that is, there exists a measure r\ E .M+(R d x 
TV) concentrated on the set of pairs (x, 7) such that 7 is an absolutely continuous integral curve 
of bt with 7(0) = x, and 

(pu t dx= / tp(j(t))dr](x,j), for all ip G C b (R d ). 

JR d xT T 

Recall that Tt = C([0,T],R d ). Let {rj x : x E M. d } be the disintegration of r) with respect to the 
measure /io(dx) := uq{x) dx. Then for /io-a.e. x € R , r\ x concentrates on the integral curve of 
bt starting from x. By the uniqueness of the regular Lagrangian flow Xt proved in Theorem 3.2, 
we have r] x {X.(x)} = 1 for /iQ-a.e. x € R . Therefore 



ipu t dx=-- I ( / ip('j(t))dri x (j))uo(x)dx 
tp(X t (x))u (x)dx. 



This gives the uniqueness of nonnegative integrable solutions to (3.11). □ 

Remark 3.5. // one wants to prove the uniqueness of solutions for any initial condition uq € 
L 1 (R rf ), then one has to extend the superposition principle proved in [2, Theorem, 3.2] to the case 
of solutions of the continuity equation consisting of signed measures with finite total variation. 

Under the condition (H), it seems to the authors that one is unable to prove the well posedness 
of the transport equation (3.11) by following DiPerna-Lions's original approach, that is, by 
proving an estimate on the commutator 

r n (b t ,u t ) = (b t ■ Vu t ) *Xn~bf V(u t * Xn), 

where Xn is the standard convolution kernel. This can be seen from the proof of [7, Lemma II. 1] 
(or [2, Proposition 4.1]), which essentially relies on the "almost everywhere Lipschitz continuity" 
of Sobolev vector fields. 

4 Regularity of the flow 

In this section, we first prove a regularity result on the regular Lagrangian flow, a property much 
weaker than the approximate differentiability discussed in [6]. We need the following notation: 
for a bounded measurable subset U with positive measure, define the average of / € L^ oc (R ) 
on U by 

Then the local maximal function 



M R f(x)= sup / \f(y)\dy. 

0<r<RJ B(x,r) 



0<r<RJ B(x,r) 

Now we can prove 



Theorem 4.1. Let b be a bounded vector field satisfying (H), and [div(6)]~ G L 1 ([0,T],L c 
Let X be the unique regular Lagrangian flow associated to b. Then for any R > and sufficiently 
small e, there are a measurable subset E C B(R) and some constant C depending on R,d and 
g, such that C d {B(R) \ E) < e and for all x,y G E, one has 

\X t (x)-X t (y)\<^ x l yl (C/s). 

Here ip^ 1 is the inverse function of ip r . Note that by Lemma 2.2(1), we have lim r m tp^ 1 (£) = 
for all £ > 0. Therefore this theorem implies that X% is uniformly continuous in E, since when 
y — >■ x in the subset E, the quantity ij)7 \(C/e) decreases to 0. Unfortunately, the function 
ip~ l does not have an explicit expression, unless p(s) = s for all s > (see Remark 4.2). 

Proof of Theorem 4.1. We follow the ideas of [6, Remark 2.4] (see also [14, Proposition 5.2]). 
For < t < T, < r < 2R and x G B(R), define 



?(x,r) 

Then 



Q(t,x,r) = -f ^ r {\X t {x)-X t (y)\)dy. 

JB(x,r) 



Q(0,x,r) = f ip r (\x - y\) dy < f ip r (r)dy<l. 

JB(x.r) JB(x.r) 



' B(x,r) J B(x,r) 

By Definition 2.1(i) , we see that t — >• Q(t,x,r) is Lipschitz and 

A f A 

-Q(t,x,r) = -[ MX t {x) - X t {y)\) -\X t (x) - X t (y)\dy 

dt JB(x,r) dt 

[ \b t (X t (x))-b t (X t (y))\ d 

-J BM p(\X t {x)-X t (y)\)+r V - 

Using the assumption (H) on b, we have 

^Q(t,x,r)<t {g t (X t (x)) + g t (X t (y))) dy = g t (X t (x)) + -f g t (X t (y))dy. 

at JB(x,r) JB(x,r) 

Integrating both sides with respect to time from to t, we arrive at 

Q(t,x,r)<Q(0,x,r)+ / g s (X s (x))ds + It g s (X s (y)) dyds 

JO JoJB(x,r) 

<1+ / g s (X s (x))ds+ [ I g s (X s (y))dyds. (4.1) 

JO Jo J B{x,r) 

Denote by $(s) = J Q T g s (X s (x)) ds for a.e. x G R d . Then for all t < T, 

Q(t,x,r)<l + $(x) + t $(y)dy. 

J B(x,r) 

Therefore 

sup sup Q(t,x,r) < 1 + $(x) + M 2j r$(x). (4.2) 

0<t<T 0<r<2R 

For r/ > sufficiently small, we have 

/ := £ d {x G B(U) : 1 + $(x) + M 2 fl*(a;) > V??} 
< £ d {x G B(fl) : $(s) > 1/(3??)} + £ d {x G B(fl) : M 2iJ $(x) > 1/(3??)}. 

10 



By Chebyshev's inequality and Lemma 2.3, we have 



I<Sr) $(x)dx + 3rjC d $(y)dy 

JB{R) JB{3R) 



< 3t?(1 + C d ) [ $(y) dy. 

Jb(3R) 



<B(3R) 

By the definition of <£, one has 



I<3r?(l + Q) / / g t (X t (y))dydt 

JO Jb(3R) 

< 377(1 + C d )L [ [ g t (x)dxdt. 

JO JB(3R+T\\b\\T.°o) 



'0 JB(3R+T\\b\\ Lac ) 

Let C := 3(1 + C d )L\\g\\ L i {[(i ^ xB ^ R+T \\ b \\ Lao) y, then I < 77C. 

Now for any e > 0, set 77 = e/C. Then by (4.2) and the definition of /, 

C d \ x G B(R) : sup sup Q(t, x, r) > — 1 < / < rjC = e. 

{ 0<t<T 0<r<2R. £ J 

Let 

f c 

E = < x £ B(R) : sup sup Q(t,x,r) < — 

I 0<i<T0<r<2R £ 

Then C d {B(R) \ E) < e and for any x € E, < t < T and < r < 2R, one has 

/ M\M*)-Mv)\)dv<-- ( 4 -3) 

J B(x,r) e 

Now fix any x,y £ E and let r = \x — y\ which is less than 2R. Lemma 2.2(2) tells us that 
ip r is concave, hence tp r (a + b) < tp r (a) + ip r (b) for any a, b > 0. As a result, 

M\Mx) - x t ( y )\) < A(\x t (x) - x t (z)\) + M\Mz) - x t {y)\)- 

Therefore, 

MX t {x)-X t {y)\) = I ^ r {\X t {x)-X t (y)\)dz 

J B(x,r)nB(y,r) 



/ M\Mx)-x t (z)\)dz 

JB(x,r)nB(y,r) 

M\Mz)-X t {y)\)dz. 



'B(x,r)nB(y,r) 

Let C d = C d (B(x, r))/C d (B(x, r) n B(y, r)) which only depends on the dimension d; then 
M\Xt(x) - X t (y)\) <C d -f M\Xt(x)-X t (z)\)dz + C d -f M\M*) - Xt(y)\) dz 

JB(x,r) JB(y,r) 

< 2C d C/e, 
where the last inequality follows from (4.3). Consequently, for all x,y E E, 
\X t (x) - X t {y)\ < ^\2C d C/e) = ^ {2C d C/e) . 
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Remark 4.2. If p{s) = s for all s > 0, then ip r (s) = log (^ + l) and ip r l (t) = r(e t — 1). Thus 
the last inequality in the proof of Theorem J^.l becomes 

\X t (x) - X t (y)\ <\x- y\{e 2C ^' £ - l) < \x - y\e 2C * C / £ , 

which is the estimate given in [6, Proposition 2.3] in the case p = 1. 

We complete this section by discussing the compactness of the regular Lagrangian flow, 
following the ideas in [6, Section 4]. For fixed R > and < r < R/2, set 

a(r,R,X)= [ sup/ MM*) ~ Mv)\) dydx. 

JB{R) 0<t<TJB{x,r) 

Proposition 4.3. Let b be a bounded vector field satisfying the condition (H) with some function 
g £ ^ 1 ([0, T],LJ (R. )). Let X be a regular Lagrangian flow associated to b with the compress- 
ibility constant L. Then 

a(r,R,X) < C d (B(R)) + 2L\\g\\ L1{[0iT]xBm , 

where R = 3R/2 + 2T||6|| L oo . 

Proof. Recall the definition of Q(t, x, r) at the beginning of the proof of Theorem 4.1. We still 
have the estimate (4.1): for any t <T, 



Q(t,x,r)<l+ I g s (X s (x))ds+ I I g s (X s (y))dyd 

JO JO JB(x,r) 



Therefore 



a(r,R,X)= / sup Q(t,x,r)dx 

JB(R) 0<t<T 

<C d {B(R))+ [ [ g s (X s (x))dsdx+ [ 11 g s (X s (y))dydsdx. 

Jb(R)Jo Jb(R)Jo JB(x,r) 



>B(R)J0 JB(R)J0 JB{x,r) 

We denote by I\ and Ii the two integrals on the right hand side respectively. First 

h= g s (X s (x))dxds< L g s {y)dyds = L\\g\\ LH[0T]xB{R)) . 

Jo Jb(r) Jo Jb{r) 

For the second integral, by changing the order of integration, we have 

h = t 9s{X s {x + z)) dzdsdx = 4- / / g s (X s (x + z)) dxdsdz. 

JB(R)Jo JB{r) JB(r)Jo J B(R) 

Therefore, 

h<i L 9s(y)dydsdz = L\\g\\ L i {[0T]xB{R)) . 

Jb{t)Jo Jb(R) 

Combining the above two estimates, we arrive at the conclusion. □ 

Now we can prove 

Theorem 4.4 (Compactness of the flow). Let {b n : n > 1} be a sequence of vector fields equi- 
bounded in L°°([0,T] x R ). For every n > 1, assume that b n satisfies (H) with the function 
g n , and the family {g n : n > 1} is equi-bounded in L 1 ([0,T], Lj oc (M. d )). Let X n be a regular 
Lagrangian flow associated to b n with the compressibility constant L n . Suppose sup n>1 L n < 
L < oo. Then the sequence {X n : n > 1} is strongly precompact in Lf oc ([0,T] x 

12 



Proof. Applying the estimate in Proposition 4.3 to the flow X n , we get 



a(r,R,X n ) < £ d (B(R)) + 2L n \\g n \\ Ll 



([0,T]xB(ij n ))> 



where R n = 3R/2 + 2T||6 n ||ioo. Since {b n } is equi-bounded, we see that R := sup n>1 R n < oo. 
Moreover, by the boundedness of the sequence {g n } in L l ([0,T],Lj oc (M. d )), we obtain 

au V a(r,R,X n ) < C d (B(R)) + 2Lsup \\g n \\ L i {[0tT]xBm =: C dAT < oo. (4.4) 

n>l n>l 

For < z < R, by Lemma 2.2(2), one has 

— > — r — — , or equivalently, z < — tp r (z) . 

Z R 1pr(R) 

Since y G B(x,r) and r < R/2, it holds |X t n (x) - X?(y)\ < R n < R. Hence by (4.4), 
/ sup / \X?(x)-X?(y)\dydx 

JB(R) 0<t<TJB{x,r) 



< =- / sup 

tp r (R) JB{R)0<t<TJB(x,r) 

a(r,R,X n )<-%-C d , R , T =:g(r), 



MR) ' MR) 

where the function g(r) does not depend on n and satisfies g(r) | as r decreases to 0, by 
Lemma 2.2(1). Similar to the estimate of I2 in the proof of Proposition 4.3, we change the order 
of integration and obtain 

sup sup / / \X?(x)-X?(x + z)\ dxdz< g{r)C d {B{r)). (4.5) 

n>10<t<TjB(r)JB(R) 

The rest of the proof is similar to that of [6, Corollary 4.2], hence we omit it. □ 

With the above compactness result in mind, we can give another proof of the existence of 
the regular Lagrangian flow. 

Corollary 4.5 (Existence of the flow). Let b be a bounded vector field satisfying (H) with the 
function g. Assume that [div(6)]~ G L 1 ([0,T],L oo (M. d )). Then there exists a regular Lagrangian 
flow associated to b. 

Proof. We regularize the vector field b as in Step 2 of the proof of Theorem 3.2. It is clear that 
the conditions of Theorem 4.4 are satisfied by the smooth vector fields {b n } and the correspond- 
ing flows {X n }. As a result, the sequence {X n } is strongly precompact in Lj oc ([0, T] x M d ), and 
every limit point of {^ n } is a regular Lagrangian flow associated to b. □ 

References 

[1] L. Ambrosio, Transport equation and Cauchy problem for BV vector fields, Invent. Math. 
158 (2004), 227-260. 

[2] L. Ambrosio, Transport equation and Cauchy problem for non-Smooth Vector Fields. Cal- 
culus of variations and nonlinear partial differential equations, 1—41, Lecture Notes in 
Math., 1927, Springer, Berlin, 2008. 

13 



[3 



[5 
[6 

[8 
[9 

[10 

[11 
[12 

[13 

[14 
[15 
[16 
[17 
[18 
[19 



L. Ambrosio and A. Figalli, On flows associated to Sobolev vector fields in Wiener space: 
an approach a la DiPerna-Lions. J. Funct. Anal. 256 (2009), no. 1, 179-214. 

B. Bojarski, Pointwise characterization of Sobolev classes. Proc. Steklov Inst. Math. 2006, 
no. 4 (255), 65-81. 

F. Bouchut and G. Crippa, Equations de transport a coefficient dont le gradient est donne 
par une integrale singulire. Seminaire: Fquations aux Derivees Partielles. Exp. No. 1 
2007-2008 (2009), 1-13. 

G. Crippa and C. de Lellis, Estimates and regularity results for the DiPerna-Lions flows. 
J. Reine Angew. Math. 616 (2008), 15-46. 

R.J. Di Perna and P.L. Lions, Ordinary differential equations, transport theory and Sobolev 
spaces. Invent. Math. 98 (1989), 511-547. 

S. Fang, ODE, SDE and PDE. Adv. Math. (China) 38 (2009), 513-552. 

S. Fang and D. Luo, Transport equations and quasi- invariant flows on the Wiener space. 
Bull. Sci. Math. 134 (2010), 295-328. 

S. Fang, D. Luo and A. Thalmaier, Stochastic differential equations with coefficients in 
Sobolev spaces. J. Funct. Anal. 259 (2010), no. 5, 1129-1168. 

S. Fang, T. Zhang, A study of a class of stochastic differential equations with non- 
Lipschitzian coefficients. Probab. Theory Relat. Fields 132 (2005), 356-390. 

A. Figalli, Existence and uniqueness of martingale solutions for SDEs with rough or de- 
generate coefficients. J. Funct. Anal. 254 (2008), 109-153. 

H. Kunita, Stochastic flows and stochastic differential equations. Cambridge University 
Press, 1990. 

Huaiqian Li and Dejun Luo, Quasi-invariant flow generated by Stratonovich SDE with BV 
drift coefficients. arXiv: 1007.0167. 

Dejun Luo, Quasi-invariance of Lebesgue measure under the homeomorphic flow generated 
by SDE with non-Lipschitz coefficient. Bull. Sci. Math. 133 (2009), 205-228. 

Dejun Luo, Pathwise uniqueness of multi- dimensional stochastic differential equations with 
Holder diffusion coefficients. Front. Math. China 6 (2011), no. 1, 129-136. 

P. Malliavin, The canonical diffusion above the diffeomorphism group of the circle. C. R. 
Acad. Sci. 329 (1999), 325-329. 

M. Rockner and X. Zhang, Weak uniqueness of Fokker-Planck equations with degenerate 
and bounded coefficients. C. R. Math. Acad. Sci. Paris 348 (2010), no. 7-8, 435-438. 

X. Zhang, Homeomorphic flows for multi- dimensional SDEs with non-Lipschitz coeffi- 
cients. Stochastic Process. Appl. 115 (2005), no. 3, 435-448; Erratum to "Homeomor- 
phic flows for multi- dimensional SDEs with non-Lipschitz coefficients". Stochastic Process. 
Appl. 116 (2006), no. 5, 873-875. 



[20] X. Zhang, Stochastic flows of SDEs with irregular coefficients and stochastic transport 
equations. Bull. Sci. Math. 134 (2010), 340-378. 



14 



